We propose a exible dynamic copula with Markov-switching to model the dependence between the iTraxx Europe CDS market and the underlying equity market. The model is able to reproduce extreme return clustering and asymmetry by allowing for two time-varying dependence regimes, low or normal and high or crash, both at the centre and tails of the bivariate distribution. In-sample statistical criteria support the Markov-switching dynamic copula. Empirically, we identify high dependence regimes that coincide with the recent credit crunch and the Greek and European sovereign debt crises. A portfolio Value-at-Risk simulation to generate one-day-ahead trading limits highlights the economic signicance of the proposed copula through regulatory loss functions that consider the frequency and the magnitude of out-of-sample exceptions.
INTRODUCTION
Appropriately modeling the dependence structure of credit portfolios and systematic risk factors is important for risk managers in order to set trading limits, for traders in order to hedge the market risk of their credit positions and for pricing credit derivatives. In particular, the use of models that acknowledge shifts in the relationship between nancial institutions' credit exposures and the underlying equity market can be benecial towards the design of more adequate regulatory frameworks and reduce systemic risks during stressed market conditions. Merton (1974) 's theory indirectly suggests a link between credit derivative prices and equity prices. Firm-value structural models originating from Merton's theoretical framework rest on the fundamental asset value process, namely, a rm's default probability is driven by its leverage and by the volatility of its assets. As asset value and volatility are latent, the implementation of structural credit risk models for publicly-traded rms relies on the observable equity return and a volatility proxy (e.g., historical or implied), while the credit default swap (CDS) spread can be taken as a measure of rm default risk.
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CDS spreads can be argued to provide more reliable signals on the default riskiness of corporate borrowers than bond spreads as bond prices are often distorted by tax and liquidity issues. CDS contracts are highly standardized and thus less likely to be inuenced by aspects of the contractual agreement such as seniority, coupon rates, embedded options and guarantees. Moreover, the CDS spread does not hinge on the choice of risk-free benchmark. Longsta et al. (2005) found that liquidity factors are a very important driver of bond yield spreads. Blanco et al. (2005) showed that the CDS market leads the bond market in terms of short-run price discovery and attribute it to the higher liquidity and trading volume of the CDS market which makes it informationally more ecient.
2 The perception of the CDS premium as a rather direct measure of default risk together with the rapid development of the CDS market have spurred an enthusiastic debate over the determinants of CDS spreads and, in particular, their sensitivity to structural factors such as equity volatility, macrovariables, rm-specic balance sheet information and credit ratings. Norden and Weber (2009) investigate the link between changes in CDS spreads and stock returns, while Madan and Unal (2000) , Blanco et al. (2005) , and Zhang et al. (2009) also consider stock return volatility. Ericsson et al. (2004) nd that volatility and leverage alone explain a substantial proportion of the variation in CDS premia. Yu (2006) is the rst to document shifts between turbulent and calm regimes in the dynamics of CDS spreads. A common denominator to the above studies is that they focus on the determinants 1 Similar to traditional insurance policies, the seller of a CDS contract must compensate the buyer if the underlying loan defaults. In return for this protection, the buyer is required to make xed periodic payments with predened premium (or spread) to the seller. In the event of default, the CDS buyer receives compensation and the seller takes possession of the loan. 2 The global CDS market grew dramatically over a short period of time with a volume expansion from $300 billion in 1998 to $25.9 trillion at the end of 2011 according to the International Swaps and Derivatives Association (ISDA). This signicant growth can be primarily attributed to the development of CDS indices. The market has slowed down in recent years; between June 2011 and the end of the year volumes in the CDS market declined by 12.5 percent, partly due to an increase in central clearing, the eectiveness of netting and collateral, and portfolio compression. by oering more liquidity, tradeability and transparency. However, research into the dependence structure dynamics between CDS index spreads and equity market indicators is still sparse. Bystrom (2008) nds that stock returns and stock market volatility are able to explain most of the variation in iTraxx CDS spreads.
Using Markov-switching regressions, Alexander and Kaeck (2008) show that the determinants of CDS index spreads are regime-specic; implied volatility is strongly related to CDS spreads in the high volatility regime while stock returns play a bigger role in the tranquil regime.
While all of the aforementioned empirical studies implicitly rely on the conventional linear Pearson correlation as dependence measure, rm structural models inspired from Merton (1974) suggest that the marginal eect of a fall in equity value is non-constant (as linear approaches would predict) but instead driven by rm fundamentals such as leverage.
4 Using an extension of Merton's model with realized volatility and jumps, Zhang et al. (2009) provide evidence that the strength of the relation between credit risk and equity value depends on the rm's credit rating. They document a nonlinear convex relation between CDS spreads and equity volatility. Cao et al. (2010) nd that the link between the CDS market and implied volatility is stronger when CDS spreads are more volatile and credit ratings are lower. Empirical studies have consistently suggested that credit spread predictions obtained from Merton-type structural credit risk models underestimate historical credit spreads; e.g., Jones et al. (1984) , and Eom et al. (2004) . This may partly stem from the fact that the actual dependence structure of debt with equity has complex features that linear correlation models fail to capture. Recent work supports this conjecture. Hull et al. (2004) show that theoretical CDS spreads implied from Merton's model using equity value and volatility as inputs are nonlinearly related to historical CDS spreads. Using adaptive nonparametric regressions, Giammarino and Barrieu (2009) Our paper extends recent research on the nonlinear relation between credit spreads and tradeable systematic risk factors by adopting copulas which represent a very versatile framework to estimate multivariate distributions. Although copulas have been employed in credit risk modeling before 5 , this is the rst applica-3 CDS indices are pools of basic single-name CDSs providing protection against the basket of entities in the index. The rst two families of indices (iBoxx and Trac-x) merged in 2004 to form the CDX in North America and iTraxx in Europe and Asia which comprise the most liquid single-name CDSs. They were both acquired by Markit in 2007 which since then administrates both CDS indices. Unlike single-name contracts, CDS index type contracts do not terminate after a credit event but instead they continue with the defaulted entity removed and the contract value reduced. For a comprehensive discussion of CDS index composition and performance, see Markit (2010) . 4 Zero correlation does not imply independence, it only rules out linear dependence.
5 Crook (2011) use copula to analyze the dependence of default rates in consumer loans, Das and Geng (2006) focus on corporate debt default dependence while Hull and White (2006) confront the task of credit-default option pricing using copula.
tion of copula to model nonlinearities and asymmetries in CDS-equity dependence. The main appeal of the copula framework is that it facilitates separate modeling of the marginal distributions and the dependence and thus, a variety of dependence structures can be captured with more exibility and parsimony than in competing frameworks (e.g., multivariate GARCH). Patton (2006) introduces conditional or dynamic copulas to portray time-varying dependence structures which represent an important improvement upon the initial static copula models. The original dynamic copula framework is extended by ? in order to accommodate asymmetries and trends in time-varying cross-market dependence. Far less attention has been paid to the possibility of regime-switching (RS) behaviour in dependence structures. To the best of our knowledge, the only few exceptions are Garcia and Tsafack (2011 ), Chollete et al. (2009 ), ? and Rodriguez (2007 . One can argue though that existing RS copula models have the limitation of assuming constant state-specic dependence, i.e. a distinct static copula governs each regime, despite the fact that a given regime or state could linger on for years.
We provide both methodological and empirical contributions to the literature. On the former, we propose exible Markov-switching dynamic (autoregressive) copulas which capture asymmetry in the form of high or crisis dependence and low or normal dependence. Our models generalize existing Markov-switching static copula by allowing for distinct mean reversion in dependence within each regime. Empirically, we seek to provide a better understanding of the dynamic evolution of dependence and tail dependence for the European credit market, proxied by the iTraxx Europe CDS index, and two underlying systematic factors proxied by the Stoxx equity index return and VStoxx implied volatility index, respectively. We carry out a comprehensive in-sample statistical comparison of various copula models and draw overall inferences on crossmarket (i.e., CDS and equity) dependence at the centre and tails of the bivariate distributions. Given that CDS indices have become a very important instrument for risk hedging and arbitrage trading and therefore, a key component of institutional investors' portfolios, we assess the relevance of the proposed Markovswitching dynamic copulas in the context of CDS-equity portfolios from a risk management perspective.
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More specically, the economic signicance of our proposition is assessed through a Value at Risk (VaR) simulation to set 1-day-ahead trading limits for CDS-equity portfolios.
We document various sudden changes in the dependence structure of CDS and equity markets over the period from September 2005 to March 2011. The identied transitions to the high dependence regime largely reect the onset of the automotive industry and energy crises in 2005, the credit crunch in 2007 and the most 6 CDS indices facilitate the transfer of marketwide or sectoral credit risk by institutional investors like hedge funds and insurance companies, and by capital structure arbitrageurs who can now use derivatives (CDS index options and futures) for managing the risk related to their CDS index positions. Yu (2006) provides evidence of capital structure arbitrage opportunities in the CDS market for industrials, i.e. it is possible to make prots out of a trading strategy that exploits the CDS mispricing error. The latter is dened as the dierence between observed CDS market spreads and predicted CDS spread predictions from a Merton-type structural model with inputs the observed equity prices and information about the obligor's capital structure. recent Greek and European sovereign debt crises in late 2009. The Markov-switching dynamic copula model reveals that, in crisis periods, shocks to dependence of CDS spreads with market volatility have longer-lasting eects than shocks to dependence of CDS spreads with market returns. Both in crisis and normal periods, changes in CDS premia are more strongly linked with the evolution of equity returns than with market volatility. The two distinct regimes of dependence are more clearly identied at sectoral than marketwide level. The proposed Markov-switching dynamic copula models are supported over simpler nested copulas not only by conventional in-sample statistical criteria but also by out-of-sample VaR forecast accuracy measures.
Using regulatory loss functions that take into account both the frequency and magnitude of exceptions, the VaR simulation highlights the economic relevance of our copula models by showing that they lead to more cautious 1-day-ahead trading limits. A mismatch is documented between in-sample statistical t and economic value of predictability regarding the choice of specic copula function; log-likelihood values and Akaike Information Criteria support the Student's t copula but lower average regulatory losses are associated to the VaR forecasts from the asymmetrically-tailed Gumbel copula.
Our ndings have important implications. The proposed copula framework can be useful towards the Basel III macroprudential goal of making the banking sector more resilient to stress conditions through enhanced risk coverage. One of the reforms put forward by the Basel Committee on Banking Supervision (2011) is precisely about strengthening capital requirements for credit exposures arising from banks credit derivatives such as CDS positions, and introducing stressed-VaR capital requirements for the trading book.
Our study suggests that copula models that explicitly parameterize sudden shifts in the dependence structure between credit exposures and the equity market facilitate more conservative downside-risk measures. Hence, our results point into a clear direction for improvement of stress testing platforms and reduction of systemic risk. The copula framework proposed can be useful too for capital structure arbitrageurs that seek to exploit temporary deviations between model-based CDS spread predictions and observed CDS market spreads.
The remainder of this paper is organized as follows. Section 2 outlines the methodology and Section 3 describes the data. Section 4 provides an in-sample statistical comparison of copulas and inferences on CDS-equity dependence, followed by an evaluation of the economic signicance of the Markov-switching dynamic copula formulation proposed. Section 5 concludes. Technical details are conned to an Appendix.
COPULA METHODOLOGY
This section presents a summary of the methodological framework employed: marginal distribution models are outlined rst, then we discuss the specic copula models and estimation issues. A thorough discussion of the baseline theory of copulas can be found in a more detailed version of this paper; see Fei et al. (2013) .
Let the random process r t denote the daily returns of a nancial asset which can be modeled as
where the ltered (whitened and standardized) returns x t = ε t /σ t , t = 1, ..., T, are skewed Student's t,
∼ skT (0, 1; ν, ζ), with ν > 2 and ζ denoting the degrees of freedom (dof ) and asymmetry parameters, respectively. Equations (1)-(??) represent an ARMA-GARCH-skT model. In our empirical work, we x r = s = 1, and select the best p and q among 1, 2, . . . , 10 by minimizing the Akaike Information Criterion (AIC). The model parameters φ n are estimated by quasi-maximum likelihood (QML). The skT density is quite general as it nests the Student's t density (ζ = 0) and the Gaussian density (ζ = 0, ν → ∞). Previous studies advocate this parameterization for the margins as able to capture the wellknown autocorrelation, volatility clustering, skewness and heavy tails of nancial returns; e.g., Jondeau and Rockinger (2006) and Kuester et al. (2006) . U nif orm(0, 1) margins denoted u n = F n (x n ), n = 1, 2, can be obtained from each ltered return series via the probability integral transform. Once the vector u = (u 1 , u 2 ) is formed, the copula parameter vector, which characterizes the dependence of the multivariate distribution, can be estimated. A discussion of copula estimation approaches can be found in Fei et al. (2013) .
Copulas can be broadly grouped as elliptical (e.g., Gaussian and Student's t) and Archimedean (e.g., Gumbel, Clayton and symmetrized Joy-Clayton denoted SJC). Unlike the Gaussian copula which is solely parameterized by the linear Pearson's correlation ρ, the Student's t copula can capture extreme return comovements via the so-called tail dependence parameter which is determined by the dof parameter ν alongside ρ; the smaller ν, the more prominent the tail dependence or clustering of extreme returns. The key advantage of elliptical copulas is tractability since they can be easily extended from bivariate to high-dimensional settings, but their main shortcoming is that they impose symmetry. Archimedean copulas can additionally capture asymmetric tail dependence. Gumbel (Clayton) copula describes upper (lower) tail dependence but, by rotation, the opposite tail can be modeled. The SJC copula can model asymmetrically the dependence structure at both tails and hence, enables tests of symmetry. In early nancial applications, the above copulas were mainly deployed in static settings. Formal expressions for the copula functions and the mapping from the copula parameters to alternative dependence measures can be found in Fei et al. (2013) 2.1 Dynamic Copulas
In a dynamic context the copula parameters are estimated conditionally (i.e., allowed to time-vary) and so are the rank correlation and tail dependence measures implied from them. Patton (2006) sets the foundations for time-varying copulas by proving Sklar's theorem for conditional distributions, and suggests to allow the generic copula dependence parameter θ evolves in ARMA fashion as follows
which permits mean-reversion in dependence. The forcing variable Γ t is dened as 
where all matrices are 2 × 2 in our bivariate setting;Q is the unconditional covariance of t = ( 1,t , 2,t )
2 (u 2,t ); Q t is the conditional covariance matrix; Q t is a diagonal matrix with elements the square root of diag(Q t ); and R t is a correlation matrix with o-diagonal element ρ t which (for elliptical copula) relates to Kendall's τ t .
Both ARMA and DCC formulations have as common aspects: i) characterizing the dependence dynamics as`autoregressive' type, and ii) nesting static copulas under the restriction ϕ = ψ = 0. But they have dierent merits. The DCC copula formulation can be easily extended to multivariate contexts which is rather challenging with the ARMA formulation. On the other hand, the DCC formulation is not straightforward to apply to non-elliptical copulas; see Manner and Reznikova (2012) , for further comparative discussion.
Regime-Switching Copulas
We propose exible Markov-switching (RS) copula models which accommodate dynamic dependence within each regime and hence, can capture regime-specic mean reversion. This feature represents a distinction from conventional RS copulas where a static copula function is assumed to govern each regime regardless 7 In the context of elliptical copulas, the dynamic parameter is the conventional correlation measure, θt = ρt, and Λ (y) = 1 − e −y 1 + e −y −1 is the modied logistic transformation to ensure ρt ∈ (−1, 1). In the Gumbel copula θt = ηt and Λ (y) = e y to ensure . Once these dynamic parameters are estimated, they can be mapped into time-varying rank-correlation and tail dependence measures,τt andλt. In the SJC copula, the parameter modeled in (2) is directly the upper tail dependence, θt = λ U of how long the given state prevails. Extant studies typically associate the low dependence regime with Gaussian copula which assumes zero tail dependence and the high dependence regime with non-Gaussian copula that permits tail dependence. For instance, in the RS copula formulated by Rodriguez (2007) and ? the means, variances and correlations switch together and each regime is dictated by a distinct static copula. In a similar vein, Chollete et al. (2009) and Garcia and Tsafack (2011) deploy RS dependence models which are parameterized by static Gaussian copula in the normal regime regime and a mixture of static elliptical/Archimedean copulas in another regime.
In order to outline our regime-switching (RS) copula framework, let S t be a state variable that dictates the prevailing regime. The joint distribution of X 1t and X 2t conditional on being in regime s is dened as
with s ∈ {H, L} where H denotes the high dependence regime and L the low dependence regime. The random variable S t follows a Markov chain of order one characterized by the transition probability matrix
where π HH and π LL are the so-called staying probabilities, namely, π HH (π LL ) is the probability of being in the high (low ) dependence regime at time t conditional on being in the same regime at t − 1.
First, we propose a regime-switching ARMA copula where the dependence structure evolves as follows
in each regime, with Γ t and Λ(·) dened as in Section 2.1. We call this novel formulation RS-ARMA to distinguish it from conventional RS formulations where a static copula governs each regime.
Second, we propose a regime-switching DCC (RS-DCC) dependence model where the time-varying copula function that governs each regime is of DCC type, formalized as
with Q St t the auxiliary matrix driving the rank correlation dynamics.
In our empirical analysis below, the RS-ARMA and RS-DCC models employ the same copula function (e.g., Gumbel) for all regimes but allow for time-variation (mean reversion) in dependence and tail dependence within each regime. Put dierently, the RS-ARMA and RS-DCC copulas are exible enough to capture abrupt increases (decreases) in dependence as nancial markets enter crisis (tranquil) regimes without imposing the restriction of static within-regime dependence. If there is only one regime (i.e., π HH = π LL = 1)
the RS-ARMA and RS-DCC copula collapse, respectively, to dynamic ARMA and DCC copulas formalized as Eq. (2) and Eq. (3), respectively. Conventional RS copulas collapse instead to static copulas.
We employ canonical maximum likelihood (CML) estimation to obtain the copula parameters, namely, the parameters of the marginal distributions are separated from each other and from those of the copula, and then multi-step ML estimation is applied. Estimation of the RS copula parameters requires inferences on the probabilistic evolution of the state variable S t . Probability estimates based on information up to time t are 8 More detailed exposition of the copula estimation approaches can be found in the SSRN version of this paper. 9 Markit iTraxx Europe comprises the 125 equally-weighted most liquid names in the European market. [Insert Table 1 around here] CDS SubFin has the highest mean return of 0.17%. Both Figure 1 and Table 1 growth in rm value reduces the probability of default, and ii) higher equity volatility implies a larger probability that the value of assets drops below the level of liabilities, triggering default.
The parameter estimates and diagnostics of the (margins) ARMA-GARCH-skT models reveal that the dof parameter ν of the skT density tted to the standardized residuals reveals substantial leptokurtosis;
CDS index returns show fatter tails than the underlying Stoxx and VStoxx index returns. The asymmetry coecient ζ of the skT residual distribution is signicant for VStoxx, Stoxx, Stoxx Fin and CDS SubFin index returns. The KolmogorovSmirnov (KS) test cannot refute the null hypothesis that the residuals conform to a skT distribution. The standardized ARMA-GARCH-skT residuals, x t , t = 1, ..., T , are mapped into Uniform(0,1) observations, via the probability integral transform; the resulting residual seriesû t = F (x t ), t = 1, ..., T , are then inputs for copula estimation. In order to establish further the goodness-of-t of the margins, following Diebold et al. (1998) and Patton (2006) we apply the Ljung-Box Q test to various
m , m ∈ {1, 2, 3, 4}. Detailed estimation and inference results alongside diagnostics for the marginal models are tabulated in Fei et al. (2013) .
EMPIRICAL RESULTS

In-Sample Fit of Static, Dynamic and Regime-Switching Copulas
The ability of Student's t, Gumbel and SJC copulas to predict in-sample the dependence between CDS returns and tradeable systematic risk factors is judged by the AIC and log-likelihood (LL) values of the competing models. Student's t copulas, which account for tail dependence in a symmetric way emerge as the best tting models. This can be partially attributed to the ability of the Student's t copula to t well the central part of the joint distribution which more heavily contributes to the log-likelihood. Hence, for simplicity of exposition a large part of the subsequent discussion in this section focuses on inferences from the Student's t copula function. The dynamic formulation (ARMA or DCC) clearly provides better in-sample t than the static formulation and the regime-switching (RS) formulation further enhances the copula's ability to describe the dependence structure of CDS-equity markets. Moreover, allowing the dependence structure to display short-memory within each regime (RS-ARMA or RS-DCC) leads to the lowest AIC and largest LL among the competing formulations. Table 2 reports parameter estimates of static, dynamic and regime-switching Student's t copulas.
[Insert Table 2 around here]
The correlation parameter ρ of the static copula suggests signicantly negative dependence for all CDS and Stoxx pairs, and signicantly positive dependence for all CDS and VStoxx pairs in line with Merton (1974) 's theory; a rm's likelihood of default is a decreasing function of asset value proxied by the market value of its equity, and an increasing function of asset volatility proxied by the volatility of its equity returns.
10 The correlation parameter ρ in the static copula formulation and (ρ U , ρ L ) in the conventional RS copula reveal that, generally, changes in CDS spreads are more strongly associated with changes in equity returns than with changes in volatility. Furthermore, the CDS and equity return association is more prominent in the SubFin sector than the Auto sector, in line with extant evidence that structural credit risk models are more successful in explaining non-investment grade spreads; see Eom et al. (2004) and Zhang et al. (2009) .
The signicance of parameters ϕ and ψ in the dynamic ARMA and DCC formulations bears out that rank correlations are time-varying. The persistence measure ϕ + ψ inferred from the DCC copula suggests that the rank correlation of CDS and equity markets is more persistent at sector level than marketwide; the largest persistence at 0.982 (Stoxx) and 0.987 (VStoxx) corresponds to the subordinated nancial sector.
Turning attention to the regime-switching models, the probabilities π HH and π LL consistently suggest slightly longer duration of the low dependence regime during our sample period. The statistical signicance of two dependence regimes can be tested by means of a LR test for the null hypothesis H 0 :ω H = ω L which states that the RS-ARMA copula has one regime, then becoming the ARMA copula. An analogous LR test is formulated as H 0 :ρ H = ρ L with the conventional RS copula, then becoming the static copula. The traditional asymptotic theory for these LR test statistics does not apply because of the nuisance parameter problem (i.e., unidentied parameters under the null such as the residual variance in each regime). However, 10 We tested the hypothesis of zero tail dependence by means of a likelihood ratio (LR) test for H 0 : 1/ν = 0 which is essentially a test for the restriction that the dof parameter ν is large enough so that the Student's t copula eectively becomes the Gaussian. The hypothesis is rejected for all pairs except CDS Auto and VStoxx. The AIC and LL criteria also favour the Student's t copula over the Gaussian copula. Details are available from the authors upon request.
the conventional p-values are very small, all below 0.008, providing prima facie evidence of regime-switching eects. Parameters ρ H and ρ L of the RS copula conrm that both in crisis and normal regimes the level of dependence is stronger for CDS returns with equity returns than for CDS returns with equity volatility.
Regarding the degree of dependence persistence, we learn from the RS-DCC copula (parameters ϕ + ψ) that in crisis regimes shocks to dependence between CDS returns and equity volatility die more slowly than shocks to dependence between CDS returns and equity returns. The Kendall's rank correlation τ inferred from various copula formulations is plotted in Figure 3 .
[Insert Figure 3 around here]
Several observations can be made. First, the degree of dependence clearly varies over time. Second, the RS and RS-ARMA copula suggest upward shifts in dependence between CDS and equity markets at economically 11 Inferences from the RS-DCC Student's t copula are qualitatively similar and therefore not reported to save space.
12 According to the Eurocoin indicator, the eurozone was in recession from March 2007 to February 2009. According to the NBER business cycle indicator, the US was in recession from December 2007 to June 2009. 13 The relatively long high dependence regime identied for CDS Auto and VStoxx is not surprising given that the European auto sector has suered various setbacks in recent years, e.g. energy crisis and sharp fall in consumer demand. The tail dependence parameter λ inferred from the dierent copula formulations is plotted in Figure 4 .
[Insert Figure 4 around here]
We can see evidence of high and low tail-dependence regimes which reect the presence of two dierent CDS-equity bivariate distributions corresponding, respectively, to crisis and normal episodes. The intuition behind this nding is that CDS spreads react more vigorously to`extreme' bad news in crises than in normal periods, namely, the degree of tail dependence exacerbates during periods of market stress. While the tail dependence estimates may seem small, they are broadly aligned with those in Garcia and Tsafack (2011) for European equity-bond pairs and with those in Jondeau and Rockinger (2006) for cross-country equity market pairs. The high tail dependence regime is most apparent for CDS SubFin and Stoxx Fin returns which may indicate that nancials are particularly sensitive to extreme market events. Regardless of the level of tail dependence, the graphs endorse the RS-ARMA copula as more adequate for capturing sudden shifts in tail dependence and conrm the biases arising from the use of non-regime-switching copula, which tend to smooth out the degree of dependence over time. The latter eectively implies overestimation of the extent of dependence in normal periods and underestimation during crisis periods. The upshot is that using an implausible model of asset dependence that does not permit sudden changes of regime or that constrains the within-regime dependence to be constant could be costly from a risk management perspective. This question is addressed in the next section.
Out-of-Sample Copula Forecasts for Risk Management
The economic value of the proposed regime-switching dynamic copulas is demonstrated via a Monte Carlo simulation to set 1-day-ahead Value at Risk (VaR) trading limits for portfolios of equity and CDS instruments.
14 Since the 1996 Market Risk Amendment (MRA) to the Basel Accord, the VaR measure has played a central role in regulatory capital assessments and remains one of the most common portfolio risk control 14 In this paper, we chose as evaluation method for the out-of-sample copula forecasts the economic loss function implicit in VaR backtesting together with explicit regulatory-driven loss functions. However, other purely statistical methods are feasible to compare the accuracy of out-of-sample copula density forecasts; e.g., see Diks and van Dijk (2010) . tools in banks and insurance rms. The MRA stipulates that banks should internally compute VaR on a daily basis for backtesting purposes although regulators (usually, the central bank) requires 10-day-ahead VaR to be reported for establishing the minimum capital requirement, possibly to mitigate the costs of too frequent monitoring. The reason why the prescribed horizon for backtesting purposes is 1 day is that it increases the number of observations; in 1-day VaR the number of observations is 252 per year whereas with 2-week VaR it reduces to 26. By now the commercial banking industry has settled on the 1-day horizon.
The 1-day-ahead VaR is an α-quantile prediction of the future portfolio prot and loss (P/L) distribution.
It provides a measure of the maximum future losses over a time span [t, t+1] , which can be formalized as
where R t+1 denotes the portfolio return on day t + 1, and I t is the information set available on day t. The nominal coverage 0 < α < 1 is typically set at 0.01 or 0.05 for long trading positions (i.e., left tail) meaning that the risk manager seeks a high degree of statistical condence, 99% and 95%, respectively, that the portfolio loss on trading day t+1 will not exceed the VaR extracted from information up to day t.
VaR can be estimated using various methods, ranging from non-parametric (simulation), semi-parametric (CAViaR) to fully parametric (location-scale) and optimal combinations thereof; e.g., Kuester et al. (2006) and Fuertes and Olmo (2012) . Large banks and nancial institutions require multivariate VaR models for capturing appropriately the asset dependence structure in their trading portfolios. We adopt a Monte Carlo copula-based approach via the Cholesky decomposition of the correlation matrix for simulating the portfolio value changes, or P/L distribution, and estimating the VaR at any condence level; see Appendix B.
Various backtesting methods can be used for assessing the accuracy of VaR forecasts. Let H t+1 denote a hit or exception, namely, a day when the ex post portfolio return falls below the out-of-sample VaR forecast (i.e., larger loss than the maximum loss anticipated). Formally, the hit sequence (0s or 1s) is given by Kupiec (1995) 's unconditional coverage (UC) test is designed to assess whether the expected hit rate is equal to the nominal coverage rate, namely, the hypotheses are H 0 : E(H t+1 ) = α versus H A : E(H t+1 ) = α. Since the random variable H t+1 is binomial, the expected probability of observing N exceptions over an evaluation period of T 1 trading days is (1 − α) T1−N α N under H 0 . The corresponding likelihood ratio statistic is 
where n 10 denotes the number of transitions or instances when an exception occurred on day t and not on
is the estimated probability of having an exception on day t conditional on not having an exception on day t − 1. Thus the test can detect if the probability of observing an exception, under the assumption of independence, is equal to α which amounts to testing that π 01 = π 11 = α.
However, the condition of correct VaR specication E(H t+1 |I t ) = α is stronger than what Christoersen (1998)'s CC test can detect. The out-of-sample hits H t+1 should be uncorrelated with any variable in I t , meaning that H t+1 should be a completely unpredictable process. Christoersen (1998)'s test can only detect autocorrelation of order one because it is built upon a rst-order Markov chain assumption for the hits. Engle and Manganelli (2004) 's dynamic quantile (DQ) test for conditional coverage was developed to address this shortcoming. This is essentially a Wald test for the overall signicance of a linear probability model H −α1 = Xβ + ε where H −α1 with H = (H t+1 ) the demeaned hit variable, 1 a vector of ones, X = H t , ..., H t−k , V aR α t+1 the regressor vector, and β = (β 1 , ..., β k+2 ) the corresponding slope coecients. . The null hypothesis is H 0 : β = 0 and it can be tested using the Wald type test statistic
(10)
Below we employ k = 4 as in Kuester et al. (2006) .
One drawback of these common backtesting approaches is that they cannot provide a ranking of VaR models. According to the requirements of the Basel Committee on Banking Supervision, the magnitude as well as the number of exceptions are a matter of regulatory concern. The quadratic loss function suggested by Lopez (1998) takes into account both aspects by adding a penalty based on the size of the exceptions
and thus, larger tail losses get a disproportionately heavier penalty. However, the above loss function can be subject to the criticism that squared monetary returns lack nancial intuition. Blanco and Ihle (1999) suggest focusing on the relative size of exceptions (percentage) via the loss function
The average losses and the corresponding one-step-ahead downside risk forecast V aR α t+1 is for March 11, 2010. This rolling window approach to generate VaR forecasts oers some "shield" for the simple static copula model against changing market conditions. However, as the results below suggest, the dependence forecasts obtained from models that explicitly capture regime-switching behaviour are able to adapt faster and more eectively to changing market conditions. Table 3 summarizes the performance of VaR forecasts stemming from various formulations of the Student's t copula function. Since the two dynamic formulations, ARMA and DCC, did not produce markedly dierent results to save space we only report the results for the former.
[Insert Table 3 around here]
The hit rate is above the desired nominal coverage α in all four copula formulations but less so with RS- Taking into account now both the frequency and magnitude of exceptions, both the quadratic loss function (11) and, more clearly, the percentage loss function (12) conrm that there is economic value in modeling CDS-equity portfolio risk with regime-switching dynamic copula. For all portfolios, the largest reduction in average out-of-sample losses relative to the static copula is attained by the RS-ARMA copula which also improves upon the conventional RS copula. The economic benet of exibly modeling portfolio risk using regime-switching dynamic copula is most clearly seen for the nancial CDS-equity portfolios with a percentage loss reduction of over 40% and 70% for VaRs at the 0.05 and 0.01 nominal coverages, respectively.
The risk management exercise has thus far relied on the Student's t copula. We now consider the Gumbel copula which also captures tail dependence but in an asymmetric manner. Our subsequent VaR analysis is based on the Gumbel copula that describes dependence on the adverse tail; i.e., large CDS returns together with low equity returns or with high equity volatility. In the dynamic ARMA formulation, the average level of tail dependence λ t inferred from Gumbel copula is about 0.25 for the six CDS-equity pairs and is strongly signicant in each case whereas the tail dependence inferred from Student's t copula is very low (order of magnitude 10 −3 ). This notable contrast is likely to have an impact on the VaR forecasts, that is, Gumbel copula forecasts can be expected to yield more conservative VaRs than Student's t copula forecasts. Table   4 summarizes the VaR forecasting performance for the Gumbel copula.
[Insert Table 4 around here]
Like-for-like comparisons reveal that the Gumbel copula leads to a more reliable risk management model than the Student's t copula. For all portfolios, the DQ test is unable to reject the null hypothesis of correct VaR model specication using the Gumbel copula, irrespective of whether it is formulated in a purely static, dynamic or regime-switching framework. In line with our expectations based on the tail dependence estimates, out-of-sample VaR forecasts from Gumbel copula are more conservative (higher) than those from Student's t copula. In fact, while the actual coverage levels of the Student's t VaRs always exceeded the nominal levels (Table 3 ) those for Gumbel-based VaRs tend to be slighly below. Relatedly, the average outof-sample losses in excess of VaR lessen in the Gumbel-based framework. Hence, relaxing the assumption of symmetric tail dependence can improve risk management practice. In this sense, our analysis is consistent with ? who documents for international (U.S. and U.K.) equity index portfolios that ignoring asymmetric tail-dependence eects during bear market conditions tends to underestimate VaR.
Finally, we can see that when the underlying copula function of choice is Gumbel the RS-ARMA formu-lation still remains superior to the static, dynamic and conventional RS models, according to the average portfolio losses. Overall, it seems fair to conclude that exibly modeling the CDS-equity portfolio risk by allowing not only for sudden regime-changes but also mean-reversion in dependence within each regime can entail economic benets from a risk management perspective.
CONCLUSION
Accurately describing the bivariate distribution of CDS and equity instruments is of relevance to risk managers for setting VaR trading limits, to traders for hedging the market risk of their CDS positions, and to regulators and economic policymakers in order to set minimum capital levels. Sudden changes from a low or normal dependence regime to a high or crash dependence regime can occur as a reection of important systemic shocks. We propose exible copula models that explicitly capture regime-switching behaviour and allow for mean-reversion in dependence within each regime. By means of the proposed Markov-switching dynamic copulas and simpler (nested) versions, we provide a comprehensive study of the dependence structure in CDS-equity markets. The evaluation and comparison of copulas is conducted both in-sample using common goodness-of-t measures and out-of-sample using Value at Risk (VaR) forecast accuracy measures.
The proposed models conrm the presence of signicant negative comovement between CDS returns and stock returns, and signicantly positive comovement between CDS returns and stock return volatility over the period from September 2005 to March 2011. They also indicate that asset dependence is time-varying and nonlinear. Signicant regime-switching dependence is revealed not only in the central part of the bivariate distributions but also in the tails; namely, low and high dependence periods alternate over time. The latter broadly coincide with the automotive crisis, the subprime mortgage crisis and the Greek and European sovereign debt crises. The ndings suggest that during periods of stress systematic factors play a stronger role as drivers of default and volatility shocks have longer lasting eects than return shocks. Inadequately modeling the bivariate distribution by ignoring the time-variation in dependence within each regime or altogether neglecting regime-switching eects implies too smooth rank correlation and tail dependence measures that under(over)-estimate the comovement of CDS and equity markets in crisis (normal) periods.
Our assessment of the competing copula models in a risk-management exercise leads to two main conclusions. First, neglecting regime-switching eects in dependence can be costly because it tends to underestimate the maximum potential losses of CDS-equity porfolios. Second, relaxing the assumption that the dependence structure remains constant within each regime can be benecial for improving the accuracy of out-of-sample
VaR forecasts and producing smaller average regulatory losses. Lastly, the study provides yet another example of a disconnect between in-sample t and out-of-sample predictability; namely, the Student's t copula function is strongly supported by common in-sample statistical criteria but the Gumbel copula which focuses on the adverse tail leads to more conservative 1-day-ahead VaR trading limits.
These ndings are relevant to institutional investors using CDS contracts to hedge their equity holdings and for capital structure arbitrageurs, particularly, those predominantly exposed to nancial and auto sectors.
The exible copula models proposed could prove useful for banks in order to address recommendations from Basel III to carry out more rigorous stress testing of the trading book. Our study oers important insights into the regime-switching dependence dynamics of CDS spreads and tradeable systematic risk factors. In this context, extending the exible regime-switching copula models here proposed to ascribe a role to exogenous structural variables as drivers of the regime-transition may be an interesting avenue of further research.
Automotive Industry Crisis
• May 5, 2005: S&P cut the debt ratings of GM and Ford to junk status.
• February 12, 2008: GM announced its operating loss was $2bn.
• October 7, 2008: SEAT cut production at its Martorell plant by 5%.
• November 20, 2008: PSA Peugeot Citroen predicts sales volumes would fall by at least 10% in 2009, following a 17% drop in the current quarter.
• November 23, 2008: Jaguar Land Rover was seeking a $1.5bn loan from the government.
• December 11, 2008: The Swedish government injected $3.5bn to rescue its troubled auto markers, Volvo and Saab.
• December 19, 2008: US government said it would use up to $17.4bn to help the big three US carmakers, General Motors, Ford and Chrysler.
• December 20, 2008: GM and Chrysler receive CA$4bn government loans from Canada and the province of Ontario.
• January 8, 2009: Nissan UK announced it was to shed 1200 jobs from its factories in North East England.
• January 22, 2009: Fiat announces a 19% drop in revenues for 2008 Q3.
• February 11, 2009: PSA Peugeot Citroen announced it would cut 11,000 jobs world wide.
• February 12, 2009: Renault announces a 78% drop in prots for 2008.
• April 22, 2009: GM admits it will default on a $1bn bond debt payment due in June.
• April 30, 2009: Chrysler les for Chapter 11 bankruptcy protection.
• June 1, 2009: GM les for Chapter 11 bankruptcy protection.
European sovereign debt crisis
• October 10, 2008: Fitch downgrades Iceland Sovereign debt from A+ to BBB-.
• December 8, 2009: Fitch ratings agency downgraded Greece's credit rating from A-to BBB+.
• April 23, 2010: Greek PM calls for eurozone-IMF rescue package. FTSE falls more than 600p.
• May 18, 2010: Greece gets rst bailout of $18bn from EFSF, IMF and bilateral loans
• November 29, 2010: Ireland receives $113bn bailout from EU, IMF and EFSF
• January 5, 2010: S&P downgrades Iceland's rating to junk grade.
Sources: news.bbc.co.uk; www.reuters.com; www.bloomberg.com.
B Copula VaR Simulation
The portfolio prot and loss (P/L) distribution is simulated using copula as follows:
1. Obtain the 2 × 2 rank correlation matrix forecast using data up to day t. In static copula, the odiagonal entry isτ t+1 =τ t =τ . In dynamic copula,τ t+1 is the 1-day-ahead projection of the ARMA Eq. (2) or DCC Eq. (3). In regime-switching copulas, the forecast hinges on the ltered probabilities and estimated migration matrix π in Eq. (4) 
2. Simulate two independent standard normal random variates z = (z 1 , z 2 ) .
3. Simulate a random variate s from a χ 2 ν distribution, independent of z, whereν is the degree-of-freedom estimated using data up to day t. 5. Determine the components (u 1 , u 2 ) = (tν (c 1 ) , tν (c 2 )) of copula where tν is the cdf of Student's t distribution with degrees-of-freedom parameterν.
6. Obtain the standardized asset log-returns:
is the inverse empirical cdf of standardized residuals,x n , n = 1, 2, of the in-sample data.
7. Relocate and rescale the returns as (r 1,t+1 , r 2,t+1 ) = μ 1,t+1 + q 1 σ 1,t+1, ,μ 2,t+1 + q j 2 σ 2,t+1 witĥ µ t+1 andσ t+1 denoting ARMA-GARCH-skT forecasts of conditional mean and variance made at t.
8. Obtain the 1-day-ahead P/L forecast of the equally-weighted portfolio as r t+1 = 0.5r 1,t+1 + 0.5r 2,t+1 .
Repeat J = 100, 000 times the above steps to obtain the empirical or simulated 1-day-ahead P/L distribution {r t+1,j } J j=1 from which any α-quantiles (VaR) can be measured. This table gives the estimates of Student's t copula models in various formulations: static, regime-switching static, two dynamic copulas (DCC and ARMA) and two regime-switching extensions (RS-DCC and RS-ARMA). Superscript H (L) indicates the high (low) dependence regime. π HH (π LL ) is the probability of staying in the high (low) dependence regime. Numbers in parentheses are standard errors. ** and * denote signicance at the 5% and 10% levels, respectively. The top graphs plot the daily levels of European equity market indices (Stoxx, Stoxx Auto, Stoxx Fin and Vstoxx) and CDS indices with all series normalized to start at 100. The bottom graphs plot the daily logarithmic returns. For RS and RS-ARMA copula models, the graphs show the weighted average λ H t p H t + λ L t p L t where the weights are given by the smoothed probability of each regime, i.e. 
